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Abstract. Under certain conditions, we give an estimate from above on the number 
of differential equations of order r+1 with prescribed regular singular points, prescribed 
exponents at singular points, and having a quasi-polynomial flag of solutions. The esti- 
mate is given in terms of a suitable weight subspace of the tensor power [/(n_)®( ,l ~ 1 ' ) , 
where n is the number of singular points in C and t/(n_) is the enveloping algebra of 
the nilpotent subalgebra of Ql r+ i- 

Dedicated to Askold Khovanskii on the occasion of his 60^ birthday. 

1. Introduction 
Consider the differential equation 

(1) F{x)u'\x) + G{x)u\x) + H(x)u(x) = 0, 

where F(x) is a polynomial of degree n, and G(x) , H(x) are polynomials of degree not 
greater than n — 1 , n — 2 , respectively. If F(x) has no multiple roots, then all singular 
points of the equation are regular singular. Write 

(2) f(*) = n (*-*.)> §4 = -z — 

±A - Fix) x — z s 

s=l v ' s=l 6 

for suitable complex numbers m s , z s . Then and m s + 1 are exponents at z s of equation 
If — / is one of the exponents at oo , then the other is Z — 1 — Y^=i m s- 

Problem ([EI], Ch. 6.8) Given polynomials F(x) , G(x) as above and a non-negative 
integer I, 
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(a) find a polynomial H{x) of degree at most n — 2 such that equation (QJj has a 
polynomial solution of degree I ; 

(b) find the number of solutions to Problem (a). 

If H(x),u(x) is a solution to Problem (a), then the corresponding equation ([!} is 
called a Lame equation and the polynomial u(x) is called a Lame function. 

Example. Let F(x) = l-x 2 , G(x) = a- (3 + (a + (3 + 2)x. Then H = 1(1 + a + (3 + 1) 
and the corresponding polynomial solution of degree I, normalized by the condition 
w(l) = (^ + , a ), is called the Jacobi polynomial and denoted by P/ a,/ ^(x). 

The following result is classical. 

Theorem 1.1 (Cf. |EI], Ch. 6.8, J3t]). 

• Let u(x) be a polynomial solution of of degree I with roots t®, . . . , t° of mul- 
tiplicity one. Then t° = it®, . . . , t°) is a critical point of the function 

l n 

^ n (t;z;m) = II & _ II &-*i) 2 > 

i=l s=l l<i<j<l 

where z = (zi, . . . , z n ) and m = (mi, . . . , m n ) . 

• Let t° be a critical point of the function $j, n ( • ; z; m) , then the polynomial u(x) 
of degree I with roots t°, . . . is a solution of (QJ) with H(x) = (—F(x)u"(x) — 
G(x)u'(x))/u(x) being a polynomial of degree at most n — 2 . 

The function $z jn ( • ; z; m) is called the master function. The master function is 
a symmetric function of the variables t\,...,ti. Therefore, the symmetric group Si 
naturally acts on the set of critical points of the master function by permuting the 
coordinates. 

By Theorem ll.lt the Sj-orbits of critical points are in one-to-one correspondence with 
solution H(x),u(x) of Problem (a) such that u(x) has no multiple roots. 

The following result is also classical. 

Theorem 1.2 ( Cf. jSij, Ch. 6.8, jHj, [St] ). If Z\, . . . , z n are distinct real numbers and 
mi, . . . , m n are negative numbers, then the number of solutions to Problem (a) is equal 

to rr 2 )- 

Under these conditions on z and m, the master function has exactly ( l+n l ~ 2 ) ^-orbits 
of critical points, see [Hi] and |V3j . 

The number ( l+n l ~ 2 ) has the following representation theoretical interpretation. The 
universal enveloping algebra U(xi-) of the nilpotent subalgebra n_ C gl 2 is generated by 
one element e 2 i and is weighted by powers of the generator. The number ( l+1 }~ 2 ) is the 
dimension of the weight / part of the tensor power f/(n_)®^™ _1 - ) . 
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The case of nonnegative integers mi, . . . ,m n is interesting for applications to the 
Bethe ansatz method in the Gaudin model. For a nonnegative integer m, let L m be the 
m + 1-dimensional irreducible s^-module. If m 1; . . . ,m n are nonnegative integers and 
m oo — 5^a=i m s — 2/ is a nonnegative integer, then for any distinct Zi, . . . , z n the number 
of S/-orbits of critical points of the master function function $/, n ( • ; z\ m ) is not greater 
than the multiplicity of the sl 2 -module L moo in the tensor product ®™ =1 L ms . Moreover, 
for generic zi, . . . , z n , the number of Sj-orbits is equal to that multiplicity, see |ScVj . 

The goal of this paper is to generalize the formulated results. We consider linear differ- 
ential equations of order r + 1 with regular singular points only, located at z\, . . . , z n , oo, 
and having prescribed exponents at each of the singular points. We introduce the no- 
tion of a quasi-polynomial flag of solutions for such a differential equation. (For a 
second order differential equation, a quasi-polynomial flag is just a solution of the form 
y(x) Yl™=i( x ~~ z s) Xs where y(x) is a polynomial and Ai, . . . , X n are some complex num- 
bers.) We prove two facts: 

• Differential equations with a quasi-polynomial flag, prescribed singular points 
and exponents are in one-to-one correspondence with suitable orbits of critical 
points of some gl r+1 -master function. 

• Under explicit generic conditions on exponents (they must be separated), we show 
that the number of orbits of critical points of the corresponding master function 
is not greater than the dimension of a suitable weight subspace of U {xi^)®^ n ~ l \ 
where n_ is the nilpotent subalgebra of Ql r+1 . 

The proofs are based on results from [MVllBMV] . 

This paper was motivated by discussions with B. Shapiro of his preprint [BBS in which 
another generalization of Problems (a) and (b) is introduced for differential equations 
of order r + 1. The authors thank B. Shapiro for useful discussions of his preprint. 



2. Critical points of g[ r+1 -M aster functions 

2.1. Lie algebra gl r+1 . Consider the Lie algebra gt r+1 with standard generators e aj h, 
a,b — l,...,r + l, and Cartan decomposition g[ r+1 = tl_ © t) © n+, 

n_ = © a >feC • e a , b , fj = ® r a t\C ■ e a , a , n+ = © a <bC • e afi . 

Set h a = e a>a — e a+ i ja+ i for a = 1, . . . , r. Let e* 1; . . . , e* +1 r+1 E f) * be the basis dual to 
the basis e^i, . . . , e r+ i )r+ i G f) . Set a a = e* a — e* +1 0+1 for a = 1, . . . , r. Fix the scalar 
product on f) * such that (e* a , e^J = 5 a> b. 

Let U(x\—) be the universal enveloping algebra of n_, 

C/(n_) = ® l& r U(n-)[l) , 
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where for I = (li, . . . , l r ), the space C/(n_)[Z] consists of elements / such that 

r 

[f,h\ = ( h , li(Xi }f ■ 
i=i 

The element ni e o»,6» with a« > h; L belongs to the graded subspace U(ti-) [I], where 

U = (0,0,. . .,0,l b ,l 6+1 ,. .., l o _i,0,0,. ..,o) . 
Choose an order on the set of elements e a ,b with r + 1 > a > b > 1. Then the ordered 
products na>& e ab 6 f° rm a graded basis of C/(n_). 

The grading of f7(n_) induces the grading of U(n~)® k for any positive integer k, 

U(nJf k = ®iU{n^f k [l] . 

Denote 

d(k,l) = dim [7(n_) 0fc [Z] . 

For a weight A e f) *, denote by L\ the irreducible 0l r+1 -module with highest weight 
A. Let 

A= (A 1; ...,A n ) , A s G f) * , 
be a collection of weights and I — (7i, . . . , l r ) a collection of nonnegative integers. Let 

L A = L Al (g) • • • <g> L An 

be the tensor product of irreducible gl r+1 -modules. Let L A = ©iez^ ^a[^] be its weight 
decomposition, where L\[(li, . . . , l r )] is the subspace of vectors of weight Y^=i-^s — 
YH=ih&i- Let SingLA[Z] C L\[l] be the subspace of singular vectors, i.e. the subspace 
of vectors annihilated by n + . Denote 

5(A,l) = dim SingL A [Z] . 

It is well-known that for given I and a generic set of weights A, we have 

d(n-l,l) = 5(A,l) . 

For given A and /, introduce the weight 

n r 

a^ = A * - Yl l{OLi e & * 

S=l 1=1 

and the sequences of numbers mi, . . . , m r+ i, moo, where 

m s = {m S; i, . . . ,m S;r+1 } and m S)i = (A s ,e M ). 
Having sequences mi, . . . , m r +i, m^, we can recover A and Z as follows: 

r+l r n 

(3) A s = m S)i and ^ l i a i = Y As ~ A °° ' 
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We say that the set of sequences mi, . . . , m r+ i, of complex numbers is admissible, 
if all of the numbers I — (li, . . . ,l r ), defined by ©, are nonnegative integers. 

2.2. Master functions. Let z = (zi, . . . , z n ) 6 C" be a point with distinct coordinates. 
Let 

A = (Ai,...,A n ) , A s G f) * , 

be a collection of g[ r+1 -weights and I = (/i, . . . , l r ) a collection of nonnegative integers. 
Set I = l\ + ■ ■ ■ + l r . Introduce a function of / variables 

t-(t W t W t {r) t {r) ) 

L — \ L 1 i ■ ■ ■ ) L lx i ■ ■ ■ ; b l ) • • • ) X J 

by the formula 
(4) $(t;z;A;Z) = 

r li n r r—1 h h+i 

= nn n«f - *.)-«"•* n n «f - «y n n ik - e n r i ■ 

i=l j=l s=l i=l l<j<s<ii «=1 J=l fc=l 

The function $ is a (multi- valued) function of t, depending on parameters z, A. The 
function is called the master function. 

The master functions arise in the hypergeometric solutions of the KZ equations [?. IVlj 
and in the Bethe ansatz method for the Gaudin model jTM ISW1 IMVT1 IMVl IMV31 IV2l 
iMTVj . 

The product of symmetric groups 

St = S h x---x S lr 

acts on variables t by permuting the coordinates with the same upper index. The master 
function is ^-invariant. 

A point t with complex coordinates is called a critical point of $( • ; z; A; Z) if the 
following system of I equations is satisfied 

( ,s (A„ or) ^ 2 1 _ n 

1 ' Z^ .(i) _ y Z^ ,(i) _ ,(i) + Z> .(i) _ .(2) u ' 

8=1 b j Z S 8=1, L j fc » S = l L j <"> 



E(A s ,ai) 2 ^-A I I 

iw _ ~ ~ ^ iw _ iw + ^ ,w _ ,(»-i) + 2^ .(.) _ .(.+1) = 

8=1 L j Z S s=l, S^j fc j S 5 = 1 J S 8=1 L j Ls 

E (A S , Or) 2 1 

(r) Z^ ,(r) _ ,(r) + Z^ ,(r) _ (r-1) 

s=l L j z s s = l, f-s g=l «-j fca 



where j = 1, . . . , l\ in the first group of equations, z = 2, . . . , r — 1 and j = 1, . . . , ^ in 
the second group of equations, j = 1, . . . , l r in the last group of equations. 



6 E. MUKHIN, V. TARASOV, AND A. VARCHENKO 

In other words, a point t is a critical point if 

$ 1 — jr )(t;z; A; I) = , % = 1, . . . , r, j = 1, . . J* . 

In the Gaudin model, equations (0) are called i/ie Bethe ansatz equations. 
The set of critical points is Si-invariant. 

2.3. The case of isolated critical points. We say that the pair A, I is separating if 

r r r 

(2Aoo + ^Ci«i, ^Ci«i) + 2^ d ^ 

i=l i=l i=l 

for all sets of integers {ci, . . . , c r } such that < q < /«, ^ s q 7^ 0. 
For example, if Aoo is dominant integral, then A, I is separating. 

Lemma 2.1 (Theorem 16 jScV] . Lemma 2.1 [MV2] ). J/t/ie pair A, I is separating, then 
the set of critical points of the master function $( • ; z; A; I) is finite. 

By Lemma l2~Tl for given I and generic A, the master function $( • ; z; A; Z) has finitely 
many critical points. 

Theorem 2.2. Assume that the pair A, I is separating, then the number of Si- orbits of 
critical points counted with multiplicities is not greater than d(n — 1,1). 

The multiplicity of a critical point t is the multiplicity of t as a solution of system (jSJ). 

Proof. It is shown in |BMVj that, if Ai, . . . , A n , A^ is a collection of dominant integral 
weights, then the number of Sj-orbits of critical points counted with multiplicities is not 
greater than 5(A, I). Together with equality d(n — 1,1) = d(A,l) for generic A, this 
proves the theorem. □ 

3. Differential operators with quasi-polynomial flags of solutions 

3.1. Fundamental differential operator. For the Srorbit of a critical point t of 
the master function $( ■ ; z; A; I), define the tuple y* = (yi, . . . ,y r ) of polynomials in 
variable x, 

h 

Vi( x ) = IJ ' i = l,...,r . 

3=1 

Since t is a critical point, all fractions in © are well-defined. Therefore, the tuple y 1 
has the following properties: 

(6) Every polynomial yi has no multiple roots. 

(7) Every pair of polynomials yi and yi + i has no common roots. 

(8) For every i = 1, . . . , r and s = 1, . . . ,n, if m s>i — m Sji+1 7^ 0, then yi(z s ) 7^ 0. 
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A tuple of monic polynomials (yi,...,y r ) with properties ©-© will be called 
off- diagonal. 

Define quasi-polynomials T x , . . . , T r+1 in x by the formula 

n 

(9) Ti(x) = J] (x-z s )- m °- . 

s=l 

Consider the linear differential operator of order r + l, 

D t =£- !*'(—)) {j- ~ ln'(^)) . . . (A - ln'(^)) {± - ln'foTj) 
ax y r ax yr-i ax y\ ax 

where ln'(/) denotes (df /dx)/ f for any /. We say that D t is the fundamental operator 
of the critical point t. 

Theorem 3.1. Assume that the pair A, I is separating. Then 

(i) All singular points of D t are regular and lie in z\, . . . , z n , oo. The exponents of 
D t at z s are 

-m Sj i , -m Sj2 + 1 , . . . , -m Str+1 + r 
for s = 1, . . . , n, and the exponents of Dt at oo are 

m oo,l ; m oo,2 — 1 ; • • • ; m oo,r+l — r ■ 

(ii) The differential equation D t u = has solutions u x , . . . ,u r+x such that 

ui = ViTi 

and for i = 2, . . . , r + 1 we have 

Wr Oi, . . . , = y { Ti T;„i . . . T x 

where Wr (u x , . . . ,Ui) denotes the Wronskian of u x , . . . , Ui and y r+x = 1. 

Proof. Part (ii) follows from the presentation of D t as a product. To prove part (i) con- 
sider the operator D t = T^ 1 -D t -T x , the conjugate of D t by the operator of multiplication 
by T x . Then 

= ln ' ( % )} ( ^ - ln '(^%)) - (t- - ln '(^#)) - ln '(^)) • 

dx y r T x dx y r -\Ti dx y{T\ dx 

It is enough to show that 

(iii) All singular points of D t are regular and lie in {z x , . . . , z n , oo} . 

(iv) The exponents of D t at z s are 

, m s> i - m S)2 + 1 , . . . , m S) i - m s>r+ i + r , 
for s — 1, . . . , n, and the exponents of D t at oo are 

~h , -m^i + m Mi2 -l-li, ... , -777,00,1 + ™oc,r+l ~ T - l x . 
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If all highest weights in the collection Ai, . . . , A n , Aoo are integral dominant, then state- 
ments (iii-iv) are proved in [MV2] . Sect ion 5. Hence statements (iii-iv) hold for arbitrary 
separating A 1; . . . , A n , I. □ 

3.2. Quasi-polynomial flags. Let z — (zi, . . . , z n ) £ C n be a point with distinct coor- 
dinates. Let mi, . . . , m r+ i, m^ be an admissible set of sequences of complex numbers 
as in Section |2~T1 Let 

d r+1 d r d 

D = TT+T + Al ^TT + ••• + Mx)~r + Ar+i(x) 

IajJU \JbiAj \JbJu 

be a differential operator with rational coefficients. 

We say that D is associated with z, mi, . . . , m r+ i, m^, if 

• All singular points of D are regular and lie in zi, . . . , z n , oo. 

• The exponents of D at z s are — m St \ , — m Sj2 + l , • • • , — m Sjr+ i+r for s — 1, . . . , n. 

• The exponents of D at oo are m^i , — 1 , . . . , TOoo^+i — r. 

Define quasi-polynomials Ti, . . . , T r+ i in x by formula Q. 

We say that an operator D, associated with z, mi,...,m r+ i,m 00 , /ias a quasi- 
polynomial flag, if there exists a tuple y = (yi, . . . ,y r ) of monic polynomials in x, such 
that 

(i) For i = 1, . . . ,r, deg jfc = 

(ii) The tuple ?/ is off-diagonal in the sense of 

(iii) The differential equation Du = has solutions u%, . . . , w r +i such that 

ui = y\T x 
and for % — 2, . . . , r + 1 we have 

Wr («i, . . . , Ui) = yiTi Ti-x ... T x , 

where y r+ i = 1. 

Proposition 3.2. An operator D, associated with z, mi, . . . , m r+ i, moo, ^as a quasi- 
polynomial flag if and only there exists a tuple y = (y\, . . . , y r ) of monic polynomials in 
x with properties (i-ii) and 

(iv) The differential operator D can be presented in the form 

D=(±- ln'(^±i)) d - In' A) . . . (A - In'(^l)) (A - In'foTO) . 
ax ?/ r ax y r _i dx y\ dx 

Proof. The equivalence of (iii) and (iv) follows from the next lemma. 

Lemma 3.3. Let ui, . . . , u r+ \ be any functions such that 

Wr (ui, ...,Ui) = ViT Tj_i ... T x , 
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for i = l,...,r + l. Then m, . . . , u r+ \ form a basis of the space of solutions of the 
equation Du = with 

D = d- ln'(^l)) d - In'A) . . . (A - ln'(^)) (± - In'^T,)) . 
ax y r ax Vr-i ax y\ ax 

Proof. It is enough to prove that D Ui = for i — 1, . . . , r + 1. By induction on i, we 
obtain that 

K dx Vi y dx y yi " y dx yyi l " i/i Ti Ti_i . . .Ti 

from which the statement follows. □ 

□ 



Examples of differential operators with quasi-polynomial flags are given by Theorem 
13 . 1 1 If £ is a critical point of the master function $( • ; z; A; I), then by Theorem the 
fundamental differential operator D t is associated with z, mi, . . . , m r+ i, m,oo and has 
a quasi-polynomial flag. 

Having z, mi, . . . , m r+ i, moo, define A, I by (jSJ) and the master function $( • ; z; A; Z) 
by ©. 

Having a tuple y = (y h . . . , y r ), y^x) = JTjU (x - tf), denote by 

(io) t = (t?\...,tl 1 i \...4\---4 r ) ) 

a point in C', whose coordinates are roots of the polynomials of y. The tuple y uniquely 
determines the Sj-orbit of t. 

Theorem 3.4. Assume that an operator D is associated with z, mi,...,m r+ i,m 0O 
and has a quasi-polynomial flag. Let y be the corresponding tuple of polynomials. Then 
the point t, introduced in il(J\) . is a critical point of the master function $( ■ ; z\ A; I). 

Proof. Let U\, . . . , u r +i be the set of solutions of the differential equation Du = giving 
the quasi-polynomial flag. Introduce the functions yi,...,y r by the formulas u 2 = yiTi 
and for i — 2, . . . , r, 

iji Ti Ti_i . . . Ti = Wr («i, . . . ,Uj_i,M i+ i) . 
The functions y±, . . . , y r are multi- valued functions. 

• Singularities of all branches of all of these functions he in Zi, . . . , z n . 
It follows from the Wronskian identities of |MV2j . that 

• Wr(y 1; yi) = 7 ^y 2 , Wr {y r ,y r ) = %^l/ r -i , Wr^,^) = %^_i2/ i+ i 
ii i r ±i 
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for i = 2, . . . , r — 1. These two properties of functions y±, . . . ,y r imply equations (JHJ) 
for roots of polynomials yi, ■ ■ ■ ,y r , see |MV2j . This shows that the point t is a critical 
point. □ 

The correspondence between critical points and differential operators with quasi- 
polynomial flags is reflexive. If t is a critical point of the master function $( • ; z; A; I), 
which corresponds by Theorem 13.41 to the differential operator D, then D is the funda- 
mental differential operator of the critical point t. 

3.3. Conclusion. Let z = (z\, . . . ,z n ) G C" be a point with distinct coordinates. Let 
rrti, ■ ■ ■ , wVt-ij moo be an admissible set of sequences of complex numbers as in Section 
12.11 Define A 1; . . . , A n , A^, I by ©• Assume that / is fixed and A 1; . . . , A n are sepa- 
rating (that is generic). Then the number of differential operators D, associated with 
z, nil, ■ ■ ■ , m r+i, m oo and having a quasi-polynomial flag, is not greater than d{n — 1, /), 
see Theorems 12.21 and 13.41 

It is interesting to note that if A 1; . . . , A n , A^, are dominant integral, then the number 
of differential operators D, associated with z, mi, . . . , m r+ i, and having a quasi- 
polynomial flag, is not greater than the multiplicity S(A, I), which could be a smaller 
number. See Theorem 13.41 and description in |MV2j of the critical points of the corre- 
sponding master functions. 
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